
Math 222 - Worksheet 5 Solutions

Name:

1. Draw the vector field for the given differential equation and sketch the solution corresponding to
the initial value given.

(a) y′ = 7− 2y, y(−4) = 2

(b) y′ = y2, y(0) = −4

(c) y′ = x− y, y(1) = 1

1



2

2. Say that a population P (t) of students at a university increases at a rate of r multiplied by its
current population. Say that there were 50,000 students in 2010.

(a) Write a differential equation and initial value corresponding to the situation above (Hint:
You will need to use a constant to write the proportionality)

Solution:
dP

dt
= rP

(b) Solve the differential equation with the initial value above.

Solution: This is a separable differential equation:

dP

dt
= rP

=⇒ dP

P
= rdt

=⇒ ln |P | = rt+ C

=⇒ P = eCert

Note that because P > 0, we can take off the absolute value signs. Also, there is a solution
P = 0 which we can eliminate since P > 0. Solving for the initial condition, we get P (0) =
ec = 50, 000. Here I just let the 0 in t refer to 2010 for convenience. So, P (t) = 50000ert

where t gives the number of years from 2010.

(c) Find r if it takes 50 years for the population to double.

Solution: We know P (0) = 50000 so P (50) = 150000. Solving, we get:

50000er50 = 150000

=⇒ er50 = 3

=⇒ 50r = ln(3)

=⇒ r =
ln(3)

50

(d) Find r if it takes N years for the population to double.

Solution: The solution is almost identical to the previous one, but now P (N) = 150000.

50000erN = 150000

=⇒ erN = 3

=⇒ rN = ln(3)

=⇒ r =
ln(3)

N
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3. Say that we have a quantity Q(t) of a radioactive material that is decaying over time such that
it takes 1 month for a 100 g sample to decay to 80 g. Moreover, the rate of radioactive decay is
given by dQ

dt = −rQ for some r.

(a) Find r.

Solution: We need to solve the differential equation first, where t is months. This is
a standard separable differential equation with solution Q(t) = Ae−rt, where A is some
constant. Say that we have Q(t0) = 100. We then know that Q(t0 + 1) = 80. We can then
divide the two quantities to cancel the A:

Q(t0 + 1)

Q(t0)
=

80

100
=

4

5

=⇒ Ae−r(t0+1)

Ae−rt0
=

4

5

=⇒ e−rt0−r

e−rt0
=

4

5

=⇒ e−r =
4

5
=⇒ −r = ln(4/5)

=⇒ r = − ln(4/5)

(b) Find an expression for Q(t).

From before, we know r = − ln(4/5), so Q(t) = Ae− ln(4/5)t. We then know that Q(0) =
Ae0 = A. Let Q0 be the initial amount. Then Q(t) = Q0e

− ln(4/5)t.

(c) Find the amount of time needed for any amount of the material to decay to half of its
amount (this is called the half-life of the material).

Solution: After half has decayed, we will be left with Q0

2 grams left. We want to solve for
the T such that we have:

Q(T ) =
Q0

2

=⇒ Q0e
− ln(4/5)T =

Q0

2

=⇒ e− ln(4/5)T =
1

2
=⇒ − ln(4/5)T = ln(1/2)

=⇒ T = − ln(1/2)

ln(4/5)

4. For any radioactive material with quantity Q(t), we mentioned above that dQ
dt = −rQ for some

r. Let τ be the half-life of the material (the time it takes for half of the material to decay).

(a) Show that rτ = ln(2).

Solution: Given the separable differential equation above, this is easily solved to find
Q(t) = Ae−rt. Moreover, if Q0 is the initial amount, then Q = Q0e

−rt, as A has to be the
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initial amount. If τ is half-life, then we know Q(τ) = Q0

2 . We get:

Q(τ) =
Q0

2

=⇒ Q0e
−rτ =

Q0

2

=⇒ e−rτ =
1

2
=⇒ −rτ = ln(1/2)

=⇒ rτ = − ln(1/2) = ln(2)

(b) Say a substance has a half-life of 220 years. How long will it take to decay to one-quarter
of its original amount? How long will it take to decay to five eights of its original material?

Solution: Finding the quarter-life is easy. Note that to decay to a quarter of its original
amount, it only needs to do 2 successive half-lives. Therefore, it will take 440 years to decay
to one-quarter of its original amount.

If we want how long it will decay to five-eights of its original amount, this is trickier. From
above, we know that Q(t) = Q0e

rt. From the previous part, we know that rτ = ln(2), where
τ is the half-life, so 220r = ln(2). So, r = ln(2)/220.

We get Q(t) = Q0e
ln(2)t/220. Solving Q(t) = 5Q0

8 , we get:

Q0e
ln(2)t/220 =

5Q0

8

=⇒ eln(2)t/220 =
5

8
=⇒ ln(2)t/220 = ln(5/8)

=⇒ t = 220 ln(5/8)/ ln(2)

5. Newton’s law of cooling and heating states that if T (t) is the temperature of an object over time
and µ is the ambient temperature the object is in, then dT

dt = −k(µ − T ) for some constant k.
Say that T (0) = T0.

(a) Solve explicitly for T (t) and use the initial value given.

Solution: We know
dT

dt
= −k(µ− T ), which is clearly separable. Solving, we get:

dT

µ− T
= −kdt

=⇒ − ln |µ− T | = −kt+ C

=⇒ ln |µ− T | = kt+ C

=⇒ |µ− T | = eCekt

=⇒ µ− T = Aekt

At this last step, we used the fact that µ− T can be positive or negative, and that there is
a solution T = µ that we lost when we divided. So, A is positive, negative or 0. In any of
these cases, plugging in t = 0 tells us that A = µ−T0. Our solution is T (t) = µ−(µ−T0)ekt.
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(b) Say that a car engine is initially at 90◦, with the outside temperature at 10◦, with k = 0.1.
How long will it take the car engine to cool to 20◦?

Solution: In this case, T0 = 90, µ = 10, k = 0.1, so we get:

T (t) = 10− (10− 90)e0.1t = 10 + 80e0.1t

We want to solve for the time t where T (t) = 20, so we get:

10 + 80e0.1t = 20

=⇒ e0.1t =
1

8
=⇒ 0.1t = ln(1/8)

=⇒ t = 10 ln(1/8)

6. Say a pool holds 25,000 gallons of liquid, and initially has no chlorine. Say a mixture of water and
chlorine is being pumped in to the pool at a rate of 100 gal/hr. Assume that an equal amount
of water is drained from the pool, so that the volume stays the same. Say the chlorine/water
mixture is 1% chlorine and 99% water, and that the liquids are all uniformly distributed. Let
Q(t) denote the amount of chlorine in the pool.

(a) Write down an initial value problem for Q(t).

Solution: We know Q(0) = 0. Since there are 100 gal/hr being pumped in, 1% of which

is chlorine, the incoming rate of chlorine is 1 gal/hr. The out going rate should be Q(t)
V 100

gal/hr, where V is the volume. This is because Q(t)
V is the proportion that is chlorine, and

10 gal of liquid leave every hour. The volume is constant at 25000 in this case so we get:

dQ

dt
= 1− Q

25000
100 = 1− Q

250

(b) Solve the initial value problem above. How much chlorine is in the pool in 2 hours?

Solution: Rearranging, we get dQ
dt + Q

250 = 1. This is a first-order differential equation with
the following:

a(t) =
1

250
, k(t) = 1

=⇒ A(t) =
t

250

=⇒ m(t) = et/250

=⇒ Q(t) = e−t/250
∫
et/250dt

=⇒ Q(t) = e−t/250
(

250et/250 + C

)
Plugging in t = 0, we get Q(0) = 250 + C, so C = −250. The final answer is:

Q(t) = e−t/250
(

250et/250 − 250

)
Plugging in t = 2 in to this gives us how much chlorine is in the pool in 2 hours. It’s not a
nice number, so I’ll leave it at that.
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(c) Assume instead that the pool initially has 24,000 gallons of water and 1,000 gallons of
chlorine, and that pure water is being pumped in to the pool at a rate of 100 gal/hr and
that water is being drained at the same amount. Set up the initial value problem for Q(t)
and solve. How long until there is only 1 gallon of chlorine in the pool?

Solution: Our initial condition is now Q(0) = 1000. Since pure water is being pumped in,
there is no incoming chlorine, only outgoing chlorine. We then get:

dQ

dt
= −Q

V
100 = − Q

250

You can solve this very easily as a separable differential equation, in which case you get:

Q(t) = eCe−t/250

Since Q(0) = 1000, the solution is Q(t) = 1000e−t/250. To find out how long it will take for
their to be only one gallon of chlorine, we need to solve:

1000e−t/250 = 1

=⇒ e−t/250 =
1

1000
=⇒ −t/250 = ln(1/1000)

=⇒ t = 250 ln(1000)

Note that this is in hours.


